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Calculations of a Plane Turbulent Jet

S. B. Pope*
Cornell University, Ithaca, New York

A conditionally modeled joint pdf transport equation has been solved to calculate the properties of the self-
similar, plane, turbulent jet. The joint pdf is that of the three velocity components and of the nozzle-fluid
concentration, which is a conserved passive scalar. In the pdf transport equation, convective transport does not
have to be modeled, while the effects of dissipation and of the fluctuating pressure gradient are modeled con-
ditional upon the state of the fluid, turbulent or irrotational. The calculated intermittency factor and conditional
velocities and Reynolds stresses are compared with the available experimental data.

Introduction

MODELED joint probability density function (pdf)
equation! has been solved to calculate the one-point
statistical properties of a self-similar plane jet. The equation
solved is for the joint pdf of the three velocity components
U(x,?) and a conserved passive scalar ¢(x,7). With 6 being the
nondimensional, cross-stream variable, the joint pdf is
AV, ¢;0), where V=V, V,, V;, and ¢ are the independent
variables corresponding to U and ¢.

The conserved scalar ¢(x,#) is zero in the irrotational
ambient fluid and is positive within the turbulent jet. Thus the
condition {¢(x,/)>y*} (where the threshold y* is a small
positive number) can be used to distinguish between turbulent
and nonturbulent, irrotational fluid. In the joint pdf
equation, conditional modeling is used: that is, differént
models are used depending upon whether the fluid is locally
turbulent or nonturbulent. The results of the calculations
include conditional statistics, which are compared with the
experimental data of Gutmark and Wygnanski.? This work is
an extension of previous calculations® in which a similar pdf
equation was solved, but with unconditional modeling.

Transport equations for pdf’s are useful in modeling
turbulent flows because nonlinear, one-point processes (such
as convection and reaction) can be treated without ap-
proximation.!** The transport equation for the joint pdf of a
set of scalars (e.g., compositions) is particularly useful in
reactive flows because the term pertaining to reaction appears
in closed form, irrespective of the complexity and nonlinearity
of the reaction scheme. Pope® and Janicka et al.” have
reported accurate calculations of premixed and diffusion
flames based on the scalar joint pdf equation.

The joint pdf of several scalars or the joint pdf of velocity
and scalars is a function of many independent variables. [The
joint pdf considered here f{V,y;0) is a function of five in-
dependent variables.] Because of this large dimensionality, it
is impracticable to obtain solutions to the joint pdf equations
by finite difference methods: but Monte Carlo methods®®
have been developed that allow the equations to be solved for
the general case, without excessive demands on computer time
or storage. The calculations reported here required 7 min of
CPU time on an IBM 370/168.

The first experimental studies of intermittency in free shear
flows were performed by Corrsin!® and by Townsend,!!
which were followed by the detailed investigation of Corrsin
and Kistler.!> In the last 15 years, many experiments have
been performed on free shear flows and boundary layers in
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which the intermittency and conditional statistics have been
measured; these experiments are reviewed by Antonia.' Since
the turbulent fluid is highly rotational while the nonturbulent
fluid is irrotational, the fluid behavior can be expected to be
significantly different in these two states. The experiments
confirm this expectation.

It can also be expected that a model that explicitly accounts
for the different behavior of turbulent and nonturbulent fluid
can be more accurate than one that makes no distinction. In
1975, Libby'4"5 made the first attempt to derive and model a
set of transport equations for the intermittency factor and
conditional statistics. Since then there have been several
works (e.g., Refs. 16-19) along similar lines. Recently,
Kollmann and Janicka'® and Kollmann!® have modeled the
transport equation for the pdf of a single conserved scalar,
taking intermittency into account. The modeled scalar pdf
equation was solved by a finite difference technique to
calculate the intermittency factor and conditional statistics in
two plane shear flows. In this work, the joint pdf of velocity
and a conserved scalar are considered, and the conditionally
modeled transport equation is solved by a Monte Carlo
method. :

In the next section, the joint pdf equation and its un-
conditional modeling are described. The following three
sections then describe the conditional modeling, the solution
procedure, and the results of calculations for the self-similar
plane jet. Conclusions are drawn in the final section.

Joint pdf Equation
The joint pdf AV,¥;x,?) is the probability density of the
joint events U(x,f) = ¥, and ¢(x,#) = . It contains all the one-
point statistical information about the velocity and the
conserved passive scalar in a constant-density turbulent flow.
If Q(U,9) is any function of U and ¢, then its mean value (at
any x,f) can be determined from the joint pdf by

(Q(U.$)y= HQ(W)f(W)dL/dw 1)

Here and below, [dV represents integration over the whole of
the velocity space and, similarly, [dy represents integration
over all possible values of ¢.

A transport equation for the velocity-scalar joint pdf,
JW.dsx,0), can be derived! from the conservation equations
for Uand ¢:
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Here P is the mean pressure and u(x,?) and p(x,f) are the
fluctuating components of velocity and pressure. For any
quantity Q, {Q| V,¥)> is the expectation of Q conditional upon
the joint events U(x,#) = ¥ and ¢(x,#) = . The density has been
set to unity and p and I' are the viscosity and molecular
diffusivity. The last term on the left-hand side of Eq. (2) is
negligible at high Reynolds number and is henceforth
neglected. The remaining terms on the left-hand side
represent, respectively, the rate of change with time, con-
vection, and the effect of the mean pressure gradient. These
terms are in closed form and therefore require no modeling.
That the convective term appears in closed form is a major
attribute of this approach, since gradient-diffusion models for
turbulent transport are avoided.

The terms on the right-hand side of Eq. (2) contain (as
unknowns to be modeled) conditionally expected values.
These terms and their (unconditional) modeling for fully
turbulent flow is now described; this serves as a basis for the
description of the conditional modeling in the next section.

The first term on the right-hand side of Eq. (2),

RV 4x0) Eaiyi (" ;’f v.9)] )

represents the effects of the fluctuating pressure gradient. The
term can be decomposed into three parts!: a transport term
and two redistribution terms. As in Reynolds-stress
models, 2! the redistribution terms do not affect the mean
velocity or the turbulent kinetic energy, but they redistribute
the energy in velocity space. The rapid part of the
redistribution is due to pressure fluctuations caused by mean-
velocity gradients; the Rotta part® is due solely to the tur-
bulence. Models for all three contributions to R(V,y;x,f) are
available,! but in the present study only the Rotta term is
included.

In Reynolds-stress models, the Rotta term corresponds to a
linear return to isotropy, i.e.,

] 1
a—t<u,-uj)=---—CRw<(u,-uj)—§(ugu¢)6ij) 4

where Cy is a constant and w(x,#) is the turbulent frequency
(dissipation rate/turbulent kinetic energy). In the joint pdf
equation, this term is modeled by a stochastic process that
randomly reorientates the energy in velocity space. The effect
on the Reynolds stresses is just that given by Eq. (4).

The second term on the right-hand side of Eq. (2)

d

D(V.dix,t)= %

Huviu | V.9 ®

corresponds to dissipation—it does not affect the mean
velocity, but decreases the turbulent kinetic energy.
Neglecting low Reynolds number terms, D is related to the
dissipation e by

1

€= SSE ViV.D(V,{ysx,t)dVdy ©6)

In the joint pdf equation, a stochastic mixing model®® is used

to represent this process. (Because the turbulent frequency w is

defined in terms of ¢, no additional model constant arises.)
The final term in Eq. (2)

9

C(_V,\P;x,t)E—M (KTl V)] Q)

corresponds to scalar dissipation and is analogous to the
velocity dissipation term D. The effect of the term is to reduce
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the scalar variance (¢’?) without affecting the mean {(¢).
Again, a stochastic mixing model® is used to represent the
process. The model involves a constant C, which is the ratio
of the velocity to scalar turbulent time scales. Following
conventional modeling® we take C, =2.0.

For the self-similar plane jet, in accord with experimental
evidence,? it is assumed that the turbulent frequency does not
vary across the flow. Then the condition of self-similarity
requires that the normalized frequency

w*=(wyy,) /(U ®

be a constant. (U}, is the mean centerline velocity and y,, is
the jet half-width.)

The models described are the same as those used
previously,® except that Curl’s model® has been replaced by
an improved mixing model.? In the previous work,® the
values of the constants w*=0.165 and Cr =4.5 were chosen
to produce approximately the correct spreading rate
(dy,,/dx=0.1) and centerline turbulent kinetic energy
(V2<uu;) o/ { U4 =0.065). (The value of Cy is greater than
the usual value, Cz=1.5,2° because the modeled
redistribution term has to account for both the Rotta and
rapid terms.) The same values of the constants are used here.

Conditional Modeling
Conditioned Variables

In order to examine the effect of intermittency on the joint
pdf, we follow Kollmann and Janicka'® in considering the pdf
of the conserved scalar:

fo Uiy = Sf( Voxndy ©)

Measurements of f; in intermittent regions of turbulent shear
flows show a spike at ¥ =0 corresponding to nonturbulent
fluid.?® The width of the spike is a function of the ex-
perimental noise.?® But in an ideal flow at high Reynolds
number, the spike approximates a delta function as shown on
Fig. 1. For this ideal case, the threshold y* used to distinguish
turbulent and nonturbulent fluid can be taken as an ar-
bitrarily small positive number.
At any time ¢, the equation

d(x,1) =y~ (10)

defines the surface (not necessarily simply connected) that
separates turbulent from nonturbulent fluid. In the turbulent
region ¢(x,7) exceeds ¢* and in the nonturbulent region é(x,7)
is less than y*. [Provided that the surface ¢(x,£) = ¥* has zero
volume, the event ¢(x,7)=y* has probability zero and
Js(¥*:x,0) is finite. ]

The intermittency factor y(x,?) is defined as the probability
of the fluid being turbulent. This is readily related to the
scalar pdf:

v(z,t)EProbW()_c,t)>¢*}=S‘:f¢(¢;3_c,t)dt// (1)

Similarly, the probability of nonturbulent fluid 4(x, ¢) is just

the magnitude of the spike at ¢ =0:

~ l#’

J(n =1=y(u0) =Problé(x.0 <y*) = | £, (hixndy
(12)

The velocity-scalar joint pdf can be decomposed into
turbulent and nonturbulent parts in two ways. The first way is
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Fig. 1 A pdf of a conserved passive scalar showing the delta function
corresponding to nonturbulent fluid.

Jr=H{—={*)f (14
Sn=HW* =) f 15

where H is the Heaviside function: H(y —y*) is zero in the
nonturbulent region (¢ <¢*) and unity in the turbulent region
(Yy>v¥*), and conversely for H(y* —v). f and fy represent
the turbulent and nonturbulent contributions of f; but they
are not joint pdf’s, since they do not satisfy the normalization
condition analogous to

[brovmnavay=1 (16)

Rather, the integrals of fr and f are iy and 1 — v, respectively.
A second way of decomposing fis

f=vf+U-vf an
where
W=fr (18)
and
(I=-Mf=fy 9

In this case, f and f satisfy the normalization condition and
thus represent the joint pdf’s of turbulent and nonturbulent
fluid, respectively. ) _

The conditional joint pdf’s f and fare useful in determining
conditional means. Means conditional upon the fluid being
turbulent are indicated by an overbar or, alternatively, by
{ Y. Nonturbulent conditional means are denoted by a tilde
or by ( ). Thus, the turbulent and nonturbulent mean
velocities are

O,=<U) 7= [vifavay (20)

and

0= <= |visavay @1

and the unconditional mean can be recovered from
WU =vU;+(I1-1) U, (22)
With u; and u;” being the turbulent and nonturbulent

velocity fluctuations, the instantaneous velocity can be
decomposed as
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Ui=H($—y*) (U +u ) +HW* —6) (Ti+u")  (23)

Correlations of conditional fluctuations can, again, be ob-
tained from the conditional joint pdf’s. For example, the
turbulent scalar flux is

W =(Udl ey — U= SS(Vi— 0,) (V&) FdVdy (4)

Conditioned Equations

A transport equation for fr(V,¥:x,?), the turbulent con-
tribution to the joint pdf f, Eq. (14), is obtained by
multiplying the transport equation for f, Eq. (2), by H(Y
—¥*):

afT B(P)

Uy 1
aV ax,

dt Tox; ax;

=7, (o o)

—W{frwv?u |V¢>}———¢{fT(I‘V Sl V)1 +G (25)

where
GV x, ) =8(y—y*) (V40 (TV201 V,4*)  (26)

It may be seen that Eq. (25) for f; is the same as Eq. (2) for f,
except for the addition of the final term in Eq. (25). The
additional term pertains to the entrainment of nonturbulent
fluid. The delta function indicates that the only contribution
is from fluid on the turbulent/nonturbulent interface
(¢=1y*). Since ¥* is close to zero (the minimum possible value
of ¢), the curvature V?¢, and, hence, G, is positive. -

The transport equation for the nonturbulent contribution,
JSn(V.¥;x,0), can be derived in a similar way. The result is the
same as Eq. (25), but with the sign of the final term reversed.
Thus entrainment appears as a source at Yy=v¢* in the
equation for fr and as an equal sink in the equation for fy.

Libby* and Dopazo” devised methods for deriving
transport equations for conditioned variables. An alternative
method is simply to take the moments of Eq. (25); this is done
in the Appendix. The conditioned continuity equation is

a'y ad
U 27
at+ 3%, (yU;) = 27N

where g(x,?) is the rate of entrainment of nonturbulent fluid.
The conditioned momentum equations are

d HP .
20 4o (UT) 4y = i @8)
X an
and
d - P> .
5;(’)’(],) (vUU)+7 a =-M; 29

.I

where 4 is written for (1 —+). The term Mj is due partly to
viscous processes but principally to the fluctuating pressure
gradient. It is the rate of transfer of momentum between
turbulent and nonturbulent fluid.

In terms of conditional quantities, the mean square velocity
fluctuations are

<uiui>=<UiUi>—<Ui)<Ui>='Ym,

+ (=" w" +v(I=y) (U= U) (0, T) (30
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Thus the unconditional turbulent kinetic energy k= Y2 (u;u;)
is due not only to fluctuations within turbulent and non-
turbulent fluid, but also to the difference in conditional mean
velocities.

It is well known?®?! that in homogeneous turbulence, the
fluctuating pressure gradient has no effect upon the un-
conditional Kinetic energy. But the same is not true of the
conditional energies: pressure fluctuations can transfer energy
from turbulent to nonturbulent fluid. In addition, if pressure
fluctuations transfer momentum reducing 10— U i, then it is
evident from Eq. (30) that the energy in the fluctuanons
[vu;/u/+(1 —y)u;"u;”1 must increase in order that {u;u;)
remain constant.

Conditional Modeling

The modeling is performed on the conditional expectations
appearing in Eq. (25). But the models are more easily un-
derstood in terms of 1) the rate of entrainment, g, 2) the rate
of momentum transfer, M;, and 3) the rate of energy transfer.

The rate of entrainment g(x,#), which has dimensions of
inverse time, is the rate at which turbulent fluid imparts
vorticity to nonturbulent fluid via viscous diffusion. Since the
presence of both turbulent and nonturbulent fluid is necessary
to the process, g(x,?) is zero if y(x, ) is either zero or unity. As
discussed by Townsend,? the experiments of Mobbs?® suggest
that g(x,#) is zero (or very small) unless there are mean velocity
gradients and the turbulence is anisotropic. Consistent with
these observations, the simplest possible model is

{U;
e(x0)=C a, %92 | @1)
- 0x;
where a is the anisotropy tensor
a,‘j‘=2<u,~Uj>/<uguy>—%6ij (32)

and C, is a constant to be determined. It may be noted that
6( U;»/0x; is the rate of productlon of kinetic energy k,
d1v1ded by k.

There have been several previous suggestions for g'>!7; the
present model differs from that of Byggstéyl and Kollmann'’
only in that, for simplicity, unconditional quantities have
been used in Egs. (31) and (32), and the absolute value of the
production rate is used to ensure that g is positive.

It is assumed that the rate of entrainment is independent of
the state of the nonturbulent fluid. Thus, the equivalent term
in the transport equation for f [Eq. (25)] is

G(y,¢;>_c,t)=g(_x,r)w—¢*>Sf(y,v/';g,z)d\p' 33)

It is assumed that the fluctuating pressure gradient causes a
transfer of momentum between_turbulent and nonturbulent
fluid that tends to decrease |U— Ul. The model for this
process [see Eqs. (28) and (29)] is

where C,, is a constant to be determined. In the joint pdf

equation, it is assumed that this process is independent of the
velocity and composition. The corresponding model is

afr afr
YT = 2T
at ‘av; (33
and
afn . Afy
at oV 36)
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The fluctuating pressure gradient can also cause an energy
transfer. The rate of energy transfer from the turbulent fluid
is denoted by E(x,#) and is modeled by

R N o~
Er(x,t) =C.oy(I—7) (Vou/u/ — Vou"w;") (37

where C, is a constant to be determined. The term tends to
equalize the magnitude of the fluctuations in the turbulent
and nonturbulent fluid. As would be expected, it is igy_nd that
throughout the flowfield the turbulent fluctuations u;/ 1"  ex-
ceed the nonturbulent fluctuations 217'17,- ”. Thus, ET(Lc,t) is
positive everywhere.

The rate of energy loss from £ (the turbulent contribution
to the joint pdf) is modeled as being proportional to the
fluctuating velocity. The corresponding model is

- w7 u,>TaV Ur(Vi-O)) (9

The rate of energy transfer from the turbulent fluid to the
nonturbulent fluid is denoted by En(x,#). Since pressure

fluctuations do not affect the unconditional kinetic energy
{u;u;>, Ex can be determined from M; and E7. The result is

E.'N':ET"'M(f]j_[]j) (39

The interactions between turbulent and nonturbulent
fluid—entrainment, momentum exchange, and energy ex-
change-—have now been modeled. It is assumed that the
unconditional, fully turbulent models apply unaltered to the
processes within the turbulent fluid. Thus the modeled
transport equation for f7(V, ¥;x,1) is:

afT Vfr afr a(P)
ot fox;  av, ox

3fr Eq
(u u/dr aV

=R+C+D +gb(y—y*)

Sﬂm';x,ndw - fr (V=T

(40

The details of the stochastic mixing models for C and D can
be found in Ref. 23 and the stochastic reorientation model for
R is described in Refs. 1, 3, and 9.

Within the nonturbulent fluid there are significant pressure
fluctuations, but the velocity and scalar fluctuations are not
on a sufficiently small scale for dissipation to be significant.?®
For reasons given below, it is assumed that the pressure
fluctuations cause the nonturbulent velocity fluctuations to be
isotropic and to adopt a normal pdf. With I(V,¥;x,1) denoting
this effect of the pressure fluctuations, the transport equation
for fn(V,¥;x, ) (the nonturbulent contribution to f) is

O , W NPy
v - e = ma = [y indy
+Ig,Iiaf_N____Ef"__{fN(V U)) @1

3V, (u/uyy oV,

The conditionally modeled transport equation for AV, ¥;x,1)
can be obtained by summing Egs. (40) and (41).

The conditionally modeled transport equation contains the
same model constants as the unconditional equation
(w*=0.165, Cx=4.5, C,=2.0), and also three new con-
stants. The values C, =1.5, C,, = 1.5, and C, = 5.0 are chosen
to produce approximate agre ement with the measured profiles
of y, U— U, and u; u;/— 1, No attempt was made at
further determmmg these constants.
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Solution Procedure

For the self-similar plane jet, the modeled joint pdf
transport equation is written in polar-cylindrical coordinates.
The flow is predominantly in the radial, r direction, z is the
spanwise coordinate, and § is the angle to .the plane of
symmetry. Later, the more conventional Cartesian coordinate
system is used, in which x=rcosf and y=rsinf. The virtual
origin of the jet is at =0 (x=0) and the plane of symmetry is
0=0 (y=0). Because of the two-dimensionality, z derivatives
of statistical quantities are zero; and the condition of self-
similarity can be used to eliminate r derivatives. Thus, only
one independent variable in physical space, 0, is required.

From (almost) arbitrary initial conditions, a Monte Carlo
method is used to solve the evolution equation for AV, ¥;6,1).
After a transient period, a statistically stationary state is
reached in which f(V,¥;6,7) is independent of ¢ and of the
initial conditions.

The equation is solved in the interval 0=<0<8_,, =0.5.
Symmetry conditions are applied at #=0, and at §=0,_,, the
boundary conditions correspond to irrotational flow.

In the Monte Carlo method, the joint pdf is represented
indirectly by a large number M of notional particles. At time ¢
the mth particle has velocity U™ (f), composition ¢™ (¢),
and position 99 (#). A discrete distribution, fu(V,¥;6,0,
composed of delta functions, is defined by

M
= (Opae/M) Y 8(U™ —¥)8(6™ —y)6(6™ —0)  (42)

m=1

(The ordering of the particles is irrelevant.) The state
[U'™ ,¢(m §tm) ] of each particle evolves so that for any M,

> =f 43)

In the Monte Carlo calculation, the states of the particles are
known, but the expectations of their states are not. Thus,
rather than Eq. (43), the approximation

Su=f 44)

is used. From this approximation, mean quantities can be
determined with a statistical error of order M~*; see Ref. 9
for details. The calculations were performed with M =7000.

[It follows directly from Eqs. (42) and (43) that the ex-
pected particle number density in physical space is uniform
and equal to M/0,,,.]

If the mth particle has the composition ¢ (f) =0, then the
particle is representative of the nonturbulent fluid. If ¢ ™ (¢)
is greater than zero, then the particle represents turbulent
fluid. (That is, the threshold ¢y* has been taken to be 0, , the
smallest positive number that the computer used can
represent.) Thus the discrete approximation for f; (the
contribution to f from turbulent fluid) can be written

M
FrVogs0,0) = (Bpax/M) Y, 8(U = V) 5(6¢™,9)8(0 —0)

m=1

45

where

5(o¥) =0, ¢=0; &(o,¥)=58(¢—¥), ¢>0 (46)

The states of the particles at time ¢+ At are computed from
the states at time ¢ in several fractional steps. The first
fractional step is deterministic: in the subsequent fractional
steps, the particles are subject to stochastic processes. The
changes in state are determined by requiring that {f;,) evolves
according to the conditionally modeled evolution equation for
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f, Eqgs. (40) and (41). Specifically if at time ¢, {fy;> =/, then at
time 7+ Af we require

Vb0, + A ) =f(V, 50,1+ At) + O (AF) C)

where fis the solution to Eqs. (40) and (41).

The solution procedure was implemented in a FORTRAN
computer program and run on an IBM 370/168 digital
computer. The size of the time step was

At=0.2y,,/<U), 43

where y,, is the jet half-width and (U}, is the centerline mean
velocity. A total of 200 time steps were taken; 150 steps to
reach the statistically stationary state and then 50 steps over
which the results were time-averaged (this reduces the
statistical error). The resulting CPU time was 7 min.

Results and Discussion

The calculations reported in this section were obtained
from the Monte Carlo solution of the conditionally modeled
joint pdf equation. The results are compared with the hot-wire
measurements of Gutmark and Wygnanski,? Bradbury,* and
Heskestad.?! (In Bradbury’s experiment there was a slow
coflowing freestream, rather than quiescent surroundings.)

Although the calculations were performed in polar-
cylindrical coordinates, the results are presented in the
conventional Cartesian coordinates: x=rcosf is the
predominant flow direction, y=rsinf is the cross-stream
coordinate, and z is the spanwise coordinate. The velocity
components are U, V, and W. All the velocities are nor-
malized by the mean axial velocity on the plane of symmetry.
The half-width y,, (x) of the jet is defined by

U(xy1,))=4%<U(x,0)) 49)
and the normalized cross-stream coordinate is

N=y/yy 50

Since the jet is (by assumption) self-similar, all normalized
profiles are functions of # only, independent of x.

The spreading rate of the jet dy,, /dx is calculated to be
0.097. This is in good agreement with the values of 0.1 and
0.11 measured by Gutmark and Wygnanski and by
Heskestad. (It may be recalled that in the unconditional
model, the constants C; and w* were selected to give ap-
proximately the correct spreading rate.)

Figure 2 shows the mean axial velocity {(U) and the in-
termittency factor vy compared with the three sets of ex-
perimental data. The calculations lie within the scatter of the
data.

The profiles of the three rms velocity fluctuations <u? )%,
{v?y*, and {(w?)” are shown in Fig. 3. It may be seen that
there is considerable scatter in the experimental data, in-
dicating an uncertainty of about 25%. Nevertheless it appears
that the calculated values of <#?)" and (w?)” are too small,
especially toward the edge of the jet. The shapes of the
profiles are calculated accurately, there being a maximum in
{u)”* away from the plane of symmetry, whereas the profiles
of (v?»” and (w?)” are flat for 0<n<1. The relative
magnitudes on the plane of symmetry

Yy =(W?)=1.7¢u?) 1)

are also calculated accurately.

The calculated profile of the shear stress (uv) is in good
agreement with the data of Gutmark and Wygnanski, and
with those of Bradbury (see Fig. 4). Since {(wv) can be
determined from the mean velocity profile (via the axial
momentum equation), this agreement confirms the con-
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Fig. 2 Mean axial velocity and intermittency factor against lateral
distance. ® Gutmark and Wygnanski,2 w Bradbury,?® a
Heskestad,! — present calculation.

Fig. 3 Axial, lateral, and spanwise velocity fluctuations against
lateral distance. Symbols the same as in Fig. 2.

sistency of both the calculations and of these measurements.
However, as previously observed,® the measurements of
Heskestad appear to be in error by 15-20%.

The correlation coefficient p,, between u and v

(0up)? = Cuvd?/ (12 )(v?)) (52)

is shown in Fig. 5. In the region 0 <7 =<1 there is reasonable
agreement between the experimental data, but the calculated
values appear to be too large by about 20%. (This
disagreement is because the calculated values of {u?){v?) are
too small.) Beyond n=1, it may be seen that there is con-
siderable disagreement among the data, and no conclusion
about the accuracy of the calculations can be drawn.

Figures 6-9 show the calculated conditional velocities,
turbulence intensities, and Reynolds shear stresses compared
with the data of Gutmark and Wygnanski. )

_ The turbulent and nonturbulent mean axial velocities U and
U are shown in Fig. 6. It may be seen, from both the
calculations and the measurements, that the nonturbulent
velocity U increases from zero as fluid moves into the jet
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Fig. 4 Unconditional shear stress against lateral distance. Symbols
the same as in Fig. 2.
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Fig. 5 Shear stress correlation coefficient against lateral distance.
Symbols the same as in Fig. 2.

(decreasing 7). The principal mechanism for this acceleration
is the turbulent/nonturbulent momentum exchange via the
fluctuating pressure gradient (i.e., the term M). The values of
the model constants C, and C,, were chosen to produce,
approximately, the correct profile of v and the correct value
of U-U.

The conditional and unconditional mean lateral velocities
are shown in Fig. 7. The unconditional velocity (V) is
positive near the plane of symmetry (reflecting the axial
deceleration there) but becomes negative for larger 7
(reflecting the entrainment of fluid into the jet). The turbulent
velocity V is positive nearly everywhere, indicating that the
mean motion of turbulent fluid is generally outward. The
mean velocity of nonturbulent fluid ¥, on the other hand, is
negative at large », and as the fluid travels into the jet
(decreasing 7), it accelerates to larger negative velocities. In
this case, the acceleration is caused by the mean lateral
pressure gradient

HPY _3(v?)

ay dy

<0 (53)

The modeled momentum exchange term M acts in the op-
posite direction.

The same behavior of the nonturbulent mean velocities is
found in other shear flows. In a boundary layer,*? in a plane
wake,® and in the axisymmetric jet,' measurements show
that as nonturbulent fluid flows in, U changes in the direction
of U. These data, therefore, support the form of the modeling
of the momentum exchange rate M, Eq. (34). For the three
flows mentioned there are also direct measurements of V
(Refs. 32, 33, and 16); they show that the nonturbulent fluid
speeds up as it flows inward, just as the present calculations
indicate.
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Fig. 7 Mean lateral velocities against lateral distance. Calculations:
—, unconditional { ¥); — — —, turbulent ¥; ---- nonturbulent v

experiment?: o, (V) deduced from mean continuity equation and

measured (U).

Figure 8 shows the calculated conditional and un-
conditional rms velocity fluctuations. They are compared
with the unconditional and turbulent means measured by
Gutmark and Wygnanski. (The nonturbulent fluctuations
were not reported.) It is evident that the calculated un-
conditional means (#’) and (W) are smaller than those
measured (as already noted).

In both calculations and measurements, the turbulent
fluctuations #’2, v’?, and w’? are larger than their uncon-
ditional counterparts. The calculated differences in the rms
values [Vu’'2 —v/(u?) ], etc., are in reasonable agreement
with the data, but this is not a precise test of the modeling. A
better test of the modeling, in particular the modeling of the
energy transfer rate ET, is the magnitude of the nonturbulent
fluctuations. If ET were zero, then there would be no non-
turbulent fluctuations. Table 1 shows the ratios of the non-
turbulent to turbulent rms velocity fluctuations in various
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Fig. 9 Shear stresses against lateral distance. Symbols the same as
in Fig. 8.

shear flows measured at the location where y=1. Also
shown are the values of these ratios from the present
calculations. It may be seen that the calculations fall within
the range of the measurements 0.2-0.5. On the basis of this
evidence, we conclude (provisionally) that the energy transfer
model, Eq. (37), is satisfactory.

The conditional and unconditional shear stresses are shown
in Fig. 9. It may be seen that at the edge of the jet (y>1.5) the
calculated values of {uv) are less than those measured. Also,
the calculated difference between the turbulent and un-
conditional stress [u’v’ —(uv)] is significantly less than that
measured. For example, at the location where y= Y, the
calculated ratio [u’v’/{uv)],~, is 1.38, whereas that
measured is 1.84.

In other free shear flows the measured turbulent shear
stress profiles are similar to those calculated here.
In an axisymmetric jet, Chevray and Tutu'® measured
[u'v'/{uvy],-, =1.33; in a plane wake, Fabris** measured
[u'v'/{uv)], -, =1.1. There is also a significant difference
between the correlation coefficients

Puy =U'V (U P07 2) (54
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Table1 Ratio of nonturbulent to turbulent velocity
fluctuations at the location where y=12

Velocity
Flow component TRIDE WEN Y,
Round jet!6 X 0.3
Mixing layer?* x 0.3
y 0.5
z 0.4
Plane wake>> X 0.3
y 0.2
k4 0.2
Boundary layer3? X 0.4
Plane jet X 0.3
Present calculations ¥y 0.3
z 0.4

At y= Y3, Gutmark and Wygnanski measured p,,- =0.8 and
the value increases to unity at the edge of the jet. On the other
hand, the present calculations and the data of Fabris®® give
(04 )y=1=0.6 and lp,., 1 =0.5, respectively; and in both
cases, the correlation coefficient remains at approximately
this level to the edge of the jet.

Considering the difficulties involved in making accurate
hot-wire measurements near the edges of shear flows in
nominally quiescent surroundings, and considering the
differences between the measurements (albeit in different
flows), it is not possible to draw firm conclusions about the
accuracy of the model calculations of u’v’.

We now turn our attention to the nonturbulent velocity
fluctuations. A consequence of Phillips’ theory® is that
remote from the jet (y—0), the mean-square lateral velocity
fluctuation is twice that of the other two components

— T~ —
v"?=2u"?=2w"? (55)

This result has been confirmed by measurements.?
Measurements®333* also show that the nonturbulent shear
stress is not zero: Fabris* measured a correlation coefficient

" on /72/ 72y -4
Purpr =U" V" {u"2p"2) Y (56)

of —0.2in a plane wake.

In view of these results, the assumption of isotropy of the

nonturbulent fluctuations is clearly incorrect, since it implies
——

ﬁ:v”2=w”2 and 70" =0 67N
But the nonturbulent fluctuating velocities have little eff\e%g
the flow as a whole. The energy in these fluctuations Y2 u;” u;”
is typically one-tenth of that in the turbulent fluctuations
Vau/ u;/(see Table 1), and the shear stress u”v” is typically less
than one-twentieth of #’ v’ (see Refs. 2, 33, and 34).

Rather than assuming isotropy, we attempted to model the
effect of the fluctuating pressure gradient on the nonturbulent
fluid. The stochastic reorientation model was used (as it is on
the turbulent fluid) which tends to make the fluctuations
isotropic:

a/\/

G GTw = = Crn (0 = Yo u8)  (58)
i U Y Y
ar B o S

As the model constant Cry approaches infinity this process
dominates all others and leads to isotropy. But, for plausible
values of the constant (Cgy<5), it was found that the
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nonturbulent Reynolds stresses ;" u;” be became approximately
equal to their turbulent co/u\_/nterparts u; uj. This is most likely
because the shear stress #”v” causes energy production (via
N”
the term —u”v”a¢U)/3y), and there is no dissipation in the
nonturbulent fluid.

Summary and Conclusion

A conditionally modeled joint pdf equation has been solved
by a Monte Carlo method to calculate the one-point statistical
properties of a self-similar plane turbulent jet. In the joint pdf
transport equation, convective transport appears in closed
form, and so gradient-diffusion modeling is avoided. Within
the turbulent fluid, a stochastic mixing model and a stochastic
reorientation model are used to model the effects of
dissipation and the fluctuating pressure gradient. Within the
nonturbulent fluid there is no dissipation, and it is assumed
that the velocity fluctuations are isotropic with a joint normal
pdf.

The modeling of the interactions between turbulent and
nonturbulent fluid centers on the rate of entrainment g, the
rate of momentum exchange M, and the rates of energy
transfer £ and Ey; models for these processes are given by
Eqgs. (31), (34), (37), and (39). According to the models,
momentum is transferred at a rate proportional to the tur-
bulent frequency w and proportional to the velocity difference
(U D). Slmllgr_ly the rate of energy transfer is proportional
to w(unTt/ —u;u/). (In both cases, the direction of the
transfer is such as to decrease the difference in momentum
and energy.)

A Monte Carlo method was used to solve the modeled joint
pdf transport equation. On an IBM 370/168 computer, the
numerical solution was obtained in 7 min of CPU time.

The calculated intermittency factor and unconditional
mean velocity and Reynolds stresses agree well with the three
available sets of experimental data. The calculated con-
ditional ‘mean velocity is in agreement with Gutmark and
Wygnanski’s? measurements, but the agreement with the
conditional Reynolds stresses does hot appear to be so good.
The calculated ratio of nonturbulent to turbulent velocity
fluctuations is in the range of values measured in shear flows
(Table 1).

Several of the model constants (viz. w*, Cg, C,, C,,, and
C,) have been chosen by reference to plane jet data. Future
calculations for other free shear flows will determine the
universality of the modeling.

Finally, we note the connection between this work and
others that have used conditional joint pdf’s. In the Bray-
Moss-Libby model®® of premixed turbulent combustion, the
velocity pdf is decomposed into a contribution from unburnt
mixture and one from burnt mixture. This is directly
analogous to the present decomposition of the pdf into two
parts. Anand and Pope,?” on the other hand, consider the
temperature-velocity pdf conditional upon a continuous
random variable W,. The unconditional pdf is recovered by
integrating with the pdf of W.

Appendix
The conditioned equations of continuity and momentum
are derived from the transport equation for f(V,¥;x, 1), Eq.
(25).
The conditioned continuity equation is obtained by in-
tegrating Eq. (25) over all ¥V and . The result is Eq. (27), with

gt =f, (Y*x,0(TV?o1Y*) ((AD)

where g is the rate of generation of turbulent fluid.

An equation for the momentum of turbulent fluid is ob-
tained by multiplying Eq. (25) by V; and the integrating. The
result is Eq. (28), with

. ap
jE_7<3_x>T + W uViuyy p+gUp (A2)
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and we have used the alternative notation for turbulent means

(), = (2
ox; /T \dx;

The final term in Eq. (A2) represents the gain in momentum
of turbulent fluid as a result of entrainment; U} is the velocity
at the interface weighted with the rate of entrainment

¢>v°) (A3)

Ur =(UTV2¢14*)/(TV261y*) (Ad)

By a similar procedure, the equation for the momentum of
nonturbulent fluid can be obtained:

= () +aix’_w5,-\07) +?‘X> ~ i1, (A3)
where
Ahjs—ay<a—p> + AV Uy —gUF (A6)
ox; /' N
f=1—y (A7)

and € )y indicates the nonturbulent mean.

The sum M; +M; represents the net source of momentum
due to entrainment, viscous stresses, and the fluctuating
pressure gradient. We show now that this sum is zero, and,
hence, that the terms represent a transfer of momentum
between turbulent and nonturbulent fluid. Adding Egs. (A2)
and (A6) yields

. . a
M;+M;=— <55—>+(;J.V2uj)

J

a
=—a—<p>+uvz<u,->=0 (A8)
xA

J

The entrainment terms cancel, and the means of the fluc-
tuations (p and u;) are zero. Thus, we obtain

M;=-M, (A9)
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